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We prove the discrete triality invariance of the N = 2 NSR superstring moving in a D = 2 + 2 target
space. We ﬁnd that triality holds also in the Siegel–Berkovits formulation of the selfdual superstring.
A supersymmetric generalization of Cayley’s hyperdeterminant, based on a quartic invariant of the
SL(2|1)3 superalgebra, is presented.
© 2009 Elsevier B.V. Open access under CC BY license. 1. Introduction
Cayley’s hyperdeterminant [1], the generalization to cubic 2 ×
2 × 2 matrices of the usual determinant of square 2 × 2 matri-
ces, was recently recognized [2] to be at the basis of fascinating
connections between black hole entropy in string theory and the
quantum entanglement of qubits and qutrits in quantum informa-
tion theory (see [3] and references therein).
The hyperdeterminant was also used in [4] to rewrite the
Nambu–Goto Lagrangian for a D = 4 target space with signature
(2,2) in a way that makes manifest a hitherto hidden discrete
symmetry. The eight variables given by the world-sheet deriva-
tives of the string coordinate functions ∂α Xμ are rearranged in a
2×2×2 hypermatrix XAA′ A′′ , whose hyperdeterminant square root
is shown to coincide with the Nambu–Goto action. The hyperdeter-
minant being invariant under interchange of the indices A, A′, A′′ ,
the triality invariance of the Nambu–Goto Lagrangian becomes ex-
plicit. Moreover, the hyperdeterminant encodes in a symmetric
way also the [SL(2, R)]3 symmetry of the action, where the SL(2, R)
acting on the index A and the SL(2, R) acting on the index A′ are
the O (2,2) spacetime symmetry, and the SL(2, R) acting on A′′ is
the world-sheet symmetry.
In [5] the Green–Schwarz σ -model for the N = 2 superstring in
D = 2 + 2 target space was re-expressed in terms of an hyperde-
terminant, once the zweibein is eliminated via its (non-algebraic)
ﬁeld equation. The issue of quantum equivalence of the resulting
action with the original GS N = 2 superstring, or with the NSR
N = 2 superstring, is still not completely settled.
In this Letter we make manifest a discrete triality invariance of
the NSR N = 2 superstring moving in a D = 2 + 2 target space,
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ranging the ﬁelds in a way suggested by the hyperdeterminant.
This triality could well be the origin of the triality observed in [6]
between the worldsheet moduli, the complex moduli of the target,
and the metric moduli of the target.
Moreover, considering the Siegel–Berkovits action for the self-
dual superstring [7–9], we ﬁnd that triality holds also in its matter
part.
It is natural to ask whether the NSR N = 2 superstring in
D = 2+2 target space could be expressed in terms of a supersym-
metric generalization of the hyperdeterminant. We present such a
generalization, based on a quartic invariant of the SL(2|1)3 super-
algebra.
2. The N = 2 superstring action
The N = 2 NSR superstring action [10] in a ﬂat target space of
signature (2,2)1 and in the conformal gauge is given by:
SN=2 = − 1
2π
∫
d2σ
(
∂α X
μ∂α Xν + ∂αYμ∂αY ν
− iψ¯μi γ α∂αψνi
)
ημν, (2.1)
where we have used the notations of [12]: ημν = (1,−1) is the
two-dimensional Minkowski metric, μ = 0,1, i = 1,2 and the γ α
are the two-dimensional Dirac matrices
γ 0 =
(
0 −i
i 0
)
, γ 1 =
(
0 i
i 0
)
. (2.2)
The fermions ψμi are two-dimensional Majorana fermions, i.e.:
ψ¯
μ
i ≡
(
ψ
μ
i
)†
γ 0 = (ψμi )Tγ 0, (2.3)
1 The D = 2 + 2 critical dimension for the N = 2 superstring was ﬁrst found
in [11].
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ventions). The action (2.1) is invariant under the supersymmetry
variations:
δX = ¯iψi, (2.4)
δY = i j ¯iψ j, (2.5)
δψi = −iγ α∂α Xi + ii jγ α∂αY  j . (2.6)
We can rearrange the bosonic and fermionic degrees of freedom
(respectively Xμ , Yμ and ψiμ) in the 2× 2 matrices:
XAA′ ≡ 1√
2
(−X0 + X1 Y 0 − Y 1
−Y 0 − Y 1 −X0 − X1
)
(2.7)
and
ψAA′ ≡ 1√
2
(−ψ01 + ψ11 ψ02 − ψ12
−ψ02 − ψ12 −ψ01 − ψ11
)
. (2.8)
Using these notations, the Lagrangian in (2.1) can be recast in the
form:
LN=2 = (XAA′A′′ XBB ′B ′′ − iψ¯AA′γA′′∂B ′′ψBB ′)
× (ηA′′B ′′ AB A′B ′), (2.9)
with XAA′ A′′ ≡ ∂A′′ XAA′ .
The supersymmetry variations (2.6) become:
δXAA′ = ¯iρi A′ B ′ψAB ′ ,
δψAA′ = −i∂A′′ XAB ′ρt i B ′ A′γ A′′i, (2.10)
where the 2× 2 matrices ρi are:
ρ1 =
(
1 0
0 1
)
, ρ2 =
(
0 −1
1 0
)
. (2.11)
3. Triality invariance
Consider now the world-sheet metric:
G ′′A′′B ′′ ≡ ∂A′′ Xμ∂B ′′ Xνημν + ∂A′′Yμ∂B ′′Y νημν
= XAA′A′′ XBB ′B ′′ AB A′B ′ . (3.1)
In terms of G ′′A′′B ′′ the bosonic part of the Lagrangian (2.9) is given
by:
Lb = ηA′′B ′′G ′′A′′B ′′ . (3.2)
As shown by Duff in [4], the Nambu–Goto Lagrangian
LNG =
√
−det(G ′′A′′B ′′) (3.3)
is invariant under the discrete triality transformations interchang-
ing the three indices of XAA′ A′′ . In fact, the usual determinant
of the world-sheet metric G ′′ can be reexpressed as (minus) the
Cayley’s hyperdeterminant of the cubic matrix XAA′ A′′ , which is ex-
plicitly triality invariant [4]:
Det X ≡ −1
2
 AB A
′B ′CDC
′D ′ A
′′D ′′B
′′C ′′
× XAA′A′′ XBB ′B ′′ XCC ′C ′′ XDD ′D ′′ . (3.4)
We prove now that also the bosonic Lagrangian Lb in (3.2) is
invariant under triality, up to total divergence terms. To show this,
we need the metrics G and G ′ deﬁned by:
GAB ≡ XAA′A′′ XBB ′B ′′ A′B ′ A′′B ′′ , (3.5)
G ′ ′ ′ ≡ XAA′A′′ XBB ′B ′′ A′′B ′′ AB . (3.6)A BWith these metrics, we can write the “triality symmetrized”
bosonic Lagrangian, explicitly invariant under triality:
Lb =
(
ηABG AB + ηA′B ′G ′A′B ′ + ηA
′′B ′′G ′′A′′B ′′
)
= (gAA′ , BB ′ηA′′B ′′ + BAA′ , BB ′ A′′B ′′)XAA′A′′ XBB ′B ′′ (3.7)
where
gAA
′,BB ′ =  AB A′B ′ = gBB ′,AA′ (3.8)
plays the role of a 4-dimensional ﬂat metric, and
BAA
′,BB ′ = ( ABηA′B ′ +  A′B ′ηAB)= −BBB ′,AA′ (3.9)
plays the role of a 4-dimensional constant B-ﬁeld.
The triality-invariant Lagrangian (3.7) differs from Lb in (3.2)
by the B-term: this term is a total divergence, since it is equal to
BAA
′,BB ′ A
′′B ′′∂A′′ XAA′∂B ′′ XBB ′
= ∂A′′
(
BAA
′,BB ′ A
′′B ′′ XAA′∂B ′′ XBB ′
)
. (3.10)
This result can be generalized to the supersymmetric case. The
Lagrangian
LN=2 =
(
gAA
′,BB ′ηA
′′B ′′ + BAA′,BB ′ A′′B ′′)
× (XAA′A′′ XBB ′B ′′ − iψ¯AA′γA′′∂B ′′ψBB ′) (3.11)
is explicitly invariant under (2.10) and triality transformations, and
differs from the original N = 2 superstring Lagrangian in (2.9) only
by the B-terms. Again these terms are a total divergence. This has
already been proven for the B X X term; to show that also the Bψψ
term is a total divergence we just have to use the antisymmetry of
B and the equality:
ψ¯AA′γA′′∂B ′′ψBB ′ = −∂B ′′ ψ¯BB ′γA′′ψAA′ (3.12)
due to ψ being a D = 2 Majorana fermion.
4. Siegel–Berkovits formulation
As shown by Siegel [7,8] one can describe self-dual super-Yang–
Mills in superspace by extending the bosonic coordinates XAA′ to
(XAA′ ,ΘA j) where j = 1, . . . , N (we do not include the antichi-
ral coordinates as in [9]). It is convenient to cast the (XAA′ ,ΘA j)
into a supercoordinate Y A J = (XAA′ ,ΘA j) with J = (A′, j), which
is a vector representation of the supergroup OSp(N |2). In order to
implement the triality we choose the real form OSp(2,2|2) which
has the subgroups SO(2,2) × Sp(2) ∼ SL(2, R) × SL(2, R) × SL(2, R).
Therefore, the supercoordinates are labelled by (XAA1 ,ΘAA2 A3 )
where the SO(2,2) acts on the A2 and A3 indices, Sp(2) acts on
A1 and the supersymmetry generators Q A1,A2 A3 act as follows:
Q A1,A2A3 XBB1 = A1B1ΘB A2A3 ,
Q A1,A2A3ΘBB2B3 = A2B2A3B3 XBA1 . (4.1)
Notice that there are effectively four SL(2, R) groups. Let us denote
them by SL0(2, R)×SL1(2, R)×SL2(2, R)×SL3(2, R). In addition, we
add the SL(2, R) of the worldsheet and we denote it by SLw(2, R).
We have denoted by A0, A1, A2, A3, Aw the indices for each of
them. Thus, for example, the bosonic coordinates XA0 A1 Aw trans-
form under SL0(2, R) × SL1(2, R) × SLw(2, R).
In the formulation of [9], the matter part of the action reads
Sm =
∫
d2z
(
∂Y A J ∂¯Y
A J )
=
∫
d2x
(
ηAw Bw  A0B0 A1B1 XA0A1Aw XB0B1Bw
+ ηAw Bw  A0B0 A2B2 A3B3ΘA0A2A3AwΘB0B2B3Bw
)
, (4.2)
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The contraction of indices is performed with the invariant ten-
sors of SL0(2, R) × SL1(2, R) × SL2(2, R) × SL3(2, R) (except for
the worldsheet indices, contracted with the metric ηAw Bw ). The
bosonic term is manifestly invariant under the triality exchange of
the three groups in SL0(2, R)× SL1(2, R)× SLw(2, R): it means that
any permutation of the A0, A1, Aw indices leaves the action invari-
ant.
It is easy to verify that the action is invariant under the super-
symmetry transformations (4.1).
Notice however, that the bosonic term and the fermionic term
are separately invariant under the reshuﬄing of the SL(2) indices.
For the action to be invariant under the same triality, we have to
identify the groups SLi(2, R), i = 1,2,3. Namely, the action is in-
variant only under the small triality reshuﬄing and not under the
big pentality reshuﬄing of the fermionic terms. To see this, con-
sider the bosonic coordinates XA0 A1 Aw . The action is invariant, for
example, under the reshuﬄing XA0 A1 Aw → XA1 Aw A0 as discussed
above. However, if we are reshuﬄing the indices as XA0 A1 Aw →
XA0 A2 Aw , where we exchange SL1(2) with SL2(2), we have to deﬁne
the new quantities XA0 A2 Aw since they are now charged under a
new SL(2). So, in order to complete the triality, we have to identify
XA0 A2 Aw with XA0 A1 Aw , which means that they transform only un-
der the diagonal subgroup of SL1(2)× SL2(2). Adding also XA0 A3 Aw
we obtain an action invariant under SL0 × SLdiag × SLw , SLdiag be-
ing the diagonal subgroup of SL1(2) × SL2(2) × SL3(2). In the same
way we proceed for the fermions.
We can therefore rewrite the action as
Sm = 1
3
∫
d2x
[
ηAw Bw  A0B0
(
 A1B1 XA0A1Aw XB0B1Bw
+  A2B2 XA0A2Aw XB0B2Bw +  A3B3 XA0 A3Aw XB0B3Bw
)
+ ηAw Bw  A0B0( A2B2 A3B3ΘA0A2A3AwΘB0B2B3Bw
+  A1B1 A2B2ΘA0A1A2AwΘB0B1B2Bw
+  A1B1 A3B3ΘA0A1A3AwΘB0B1B3Bw
)]
.
The triality under the exchange of SL0, SLdiag and SLw becomes
manifest after adding some boundary terms, as we did in the
case of the NSR action. This means adding to the metric the B
term as in (3.7), replacing the invariant tensors ηAw Bw  A0B0 Ai Bi
with 13 (η
Aw Bw  A0B0 Ai Bi + ηA0B0 Ai Bi Aw Bw + ηAi Bi Aw Bw  A0B0 ),
ηAw Bw  A0B0 A2B2 A3B3 with 13 (η
Aw Bw  A0B0 A2B2 + ηA0B0
 A2B2 Aw Bw + ηA2B2 Aw Bw  A0B0 ) A3B3 and similarly for the terms
ηAw Bw  A0B0 A1B1 A3B3 and ηAw Bw  A0B0 A1B1 A2B2 . In this way
we add only boundary terms.
For the ghost ﬁeld, the situation is more involved, but since
this is a consequence of the speciﬁc gauge choice that reduces the
Green–Schwarz action to the Siegel–Berkovits action, the possible
violation of the triality is only through BRST exact terms which do
not affect the physical amplitudes.
There are two important aspects that we have to point out.
The ﬁrst one is that the boundary terms for the fermionic pieces
work as in the case of the bosonic terms, and therefore the ac-
tion is manifestly invariant under the triality that exchanges the
three groups SL0(2), SLw(2) and SLdiag(2). The second aspect, as
was noted in [9], is that the choice N = 2 + 2 is mandatory to
cancel the BRST anomaly. Here we found that the triality – which
is only present in the case of the supergroup OSp(2,2|2) – implies
that cancellation of the anomalies. This is a conﬁrmation of previ-
ous work and an unexpected present from the triality. There is an
additional minor point: the fermionic terms display an additional
SL(2, R) symmetry which implies a tetrality instead of a triality.We do not have any interpretation, but it might refer to a twist
between the R-symmetry and the triality.
The present formulation is suitable for computations of ampli-
tudes and the manifest duality should show up in the computa-
tions. This will be explored in a separate work.
5. Super-hyper-det based on SL(2|1)3 algebra
Given the results of the previous sections it is natural to try
and generalize the hyperdeterminant, invariant under SL(2)3, to a
supersymmetric object, invariant under a superalgebra which con-
tains SL(2)3 as a bosonic subalgebra. In fact we can build a quartic
(bosonic) supersymmetric object based on the SL(2|1)3 superal-
gebra which, by setting a suitable set of ﬁelds to zero, precisely
reproduces the hyperdeterminant of [1].
The SL(2|1)3 superalgebra is made out of three copies of the
following:
{Q A, Q B} = P AB ,
[P AB , QC ] = −C(A Q B),
[P AB , PCD ] = 2(A(C PD)B). (5.1)
The indices A, A′ , A′′ label the three SL(2|1) factors of the superal-
gebra. It is possible to construct a SL(2|1)3 representation with 27
ﬁelds, 14 of which, XAA′ A′′ , Y A , Y A′ and Y A′′ , are bosonic while the
remaining 13, ψAA′ , ψA′ A′′ , ψA′′ A and η are fermionic. The action
of the algebra on the ﬁelds is given by:
Q A XBB ′B ′′ = 12ABψB ′B ′′ , Q A′ XBB ′B ′′ =
1
2
A′B ′ψB ′′B ,
Q A′′ XBB ′B ′′ = 12A′′B ′′ψBB ′ , Q AψBB ′ = ABYB ′ ,
Q A′ψBB ′ = −A′B ′YB , Q A′′ψBB ′ = XBB ′A′′ ,
Q AψB ′B ′′ = XAB ′B ′′ , Q A′ψB ′B ′′ = A′B ′YB ′′ ,
Q A′′ψB ′B ′′ = −A′′B ′′YB ′ , Q AψB ′′B = −ABYB ′′ ,
Q A′ψB ′′B = XBA′B ′′ , Q A′′ψB ′′B = A′′B ′′YB ,
Q AYB = 1
2
ABη, Q A′YB = −12ψB A′ ,
Q A′′YB = 12ψA′′B , Q AYB ′ =
1
2
ψAB ′ ,
Q A′YB ′ = 12A′B ′η, Q A′′YB ′ = −
1
2
ψB ′A′′ ,
Q AYB ′′ = −12ψB ′′A, Q A′YB ′′ =
1
2
ψA′B ′′ ,
Q A′′YB ′′ = 12A′′B ′η, Q Aη = Y A,
Q A′η = Y A′ , Q A′′η = Y A′′ .
In the quartic invariant, only the following bilinear building blocks
contribute:
X(AB) = XAA′A′′ XBB ′B ′′ A′B ′ A′′B ′′ , A(AB) = ψAA′ A′B ′ψBB ′ ,
B(AB) = ψA′′A A′′B ′′ψB ′′B , W (AB) = Y AYB ,
ωA = Y A′′ A′′B ′′ψB ′′ A, νA = Y A′ A′B ′ψAB ′ ,
ΔA = XAA′A′′ψB ′B ′′ A′B ′ A′′B ′′ , χA = Y Aη,
together with their prime and double prime counterparts; notice
that the building blocks with two indices are bosonic and those
with one index are fermionic. These blocks can be rearranged in
the combinations:
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ZAB ≡ 2XAB − AAB − BAB − 2WAB ,
ΦA ≡ 2(ΔA − νA + ωA − χA),
which obey very simple supersymmetry relations:
Q AZBC = A(BΦC),
Q AΦB = ZAB ,
Q A′ ZAB = Q A′′ ZAB = 0,
Q A′ΦA = Q A′′ΦA = 0.
Then one easily checks that
H = − 1
48
(ZABZ AB + ZA′B ′ Z A′B ′ + ZA′′B ′′ Z A′′B ′′
+ ΦAΦ A + ΦA′Φ A′ + ΦA′′Φ A′′
)
is invariant under the action of the superalgebra. The indices are
raised/lowered with the use of the SL(2)-invariant epsilon tensors
according to the rule given in (A.5), and the factor − 148 has been
chosen to reproduce the hyperdeterminant once all the ﬁelds but
XAA′ A′′ are set to zero.
Note 1. H can be seen as the deﬁnition of the super-Cayley deter-
minant of the cubic supermatrix given in Fig. 1.
Note 2. H is also equal to the sum of the Berezinians of the three
3× 3 supermatrices( ZAB 1√2ΦA
1√
2
χB 1
)
,
( ZA′B ′ 1√2ΦA′
1√
2
χB ′ 1
)
,
( ZA′′B ′′ 1√2ΦA′′
1√
2
χB ′′ 1
)
, (5.2)
with χB ≡ −ΦC Z−1BC , etc.
6. Conclusions and outlook
We have constructed the supersymmetric generalization of the
triality invariance ﬁrst found by Duff in the Nambu–Goto string
moving in a ﬂat D = 2 + 2 target space. This we achieve by
adding boundary terms in the NSR superstring action, and in the
Siegel–Berkovits formulation of the selfdual superstring. Moreover,we have proposed a supersymmetric generalization of the Cay-
ley hyperdeterminant, based on a quartic invariant of the SL(2|1)3
superalgebra. It may be intriguing to speculate on its possible ap-
plications in quantum information or in the description of black
holes in string/brane theory.
Appendix A. D = 2 gammamatrices
We use the representation:
γ 0 =
(
0 −i
i 0
)
, γ 1 =
(
0 i
i 0
)
, (A.1)
for the two-dimensional γ -matrices, satisfying the usual relations{
γ α,γ β
}= −ηαβ and γ αγ β = −ηαβ1+ αβγ3,
where the metric is η = (−,+),  is the usual Levi-Civita symbol
and
γ3 =
(
1 0
0 −1
)
.
The charge conjugation matrix is C = γ 0, so that all the spinors
are real and the following relations hold:
γ 0
(
γ α
)†
γ 0 = γ α, γ 0(γ α)tγ 0 = −γ α.
Finally, for Majorana fermions the currents satisfy:
ξ¯ ζ = ζ¯ ξ, (A.2)
ξ¯γ3ζ = −ζ¯ γ3ξ, (A.3)
ξ¯γ αζ = −ζ¯ γ αξ. (A.4)
The SL(2)-invariant tensor αβ is used to raise and lower the in-
dices according to:
Vα = αβV β, V α = −αβVβ . (A.5)
Appendix B. Some notes on OSp(2,2|2)
The supergroup is characterized by the following superalgebra
generated by the bosonic generators P AB , P ′A′B ′ , P
′′
A′′B ′′ and by the
fermionic generators Q AA′ A′′ :
{Q AA′A′′ , Q BB ′B ′′ }
= 1
2
ABA′B ′ P A′′B ′′ + 12AB P
′
A′B ′A′′B ′′ − P ABA′B ′A′′B ′′ ,
[P AB , PCD ] = 2(A(C PD)B),
[P ′A′B ′ , P ′C ′D ′ ] = 2(A′(C ′ P ′D ′)B ′),
[P ′′A′′B ′′ , P ′′C ′′D ′′ ] = 2(A′′(C ′′ P ′′D ′′)B ′′),
[P AB , QCC ′C ′′ ] = −C(A Q B)C ′C ′′ ,
[P ′A′B ′ , QCC ′C ′′ ] = −C ′(A′ QC |B ′)C ′′ ,
[P ′′A′′B ′′ , QCC ′C ′′ ] = −C ′′(A′′ QCC ′|B ′′). (B.1)
They provide the adjoint representation of the superalgebra. De-
noting by TM the supergenerators of OSp(2,2|2), by VM the com-
ponents of the supermultiplet and by fMNR the super-structure
constants, we set
TMVN = fMNRVR, (B.2)
and it is obvious to see that it forms a representation. Notice that
since the representation is linear, there is no problem to set either
XAA′ A′′ as a fermion or as a boson.
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